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By using a one-dimensional nonpolynomial nonlinear mean-field model, we numerically analyze the process
of the loading of the Bose-Einstein condensate into a moving one-dimensional optical lattice. We demonstrate
that the recently observed dynamical instability of the Bloch states of a repulsive condensate in a moving
optical lattice can lead to formation of trains of spatially localized wave packets that can be associated with
matter-wave gap solitons. We study the characteristic features of this matter-wave localization under realistic
conditions by modeling the dynamics of the condensate beyond the onset of dynamical instability.
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I. INTRODUCTION

In recent experiments �1,2� the dynamical instability of
Bose-Einstein condensates �BECs� loaded into a moving
one-dimensional optical lattice was observed. This instability
arises due to the inherent �repulsive� nonlinearity of matter
waves, and it is most profound at the edges of the Bloch
wave spectral bands induced by the lattice periodicity. Ex-
perimentally observed manifestation of this instability are
condensate fragmentation and anomalous heating. However,
it is also known that, in the absence of a lattice, such a
dynamical �also called modulational� instability can trigger
another fundamental effect—spatial localization of an attrac-
tive condensate in the form of soliton trains �3�, similar to
the localization observed in the 7Li BEC �4,5�.

Earlier theoretical studies of the Bloch-state stability of a
repulsive BEC at the edges of the Brillouin zone �BZ� have
also predicted that some of the Bloch states may become
modulationally unstable, and that the instability can initiate
the formation of spatially localized structures �6�. It can be
suggested that such structures represent trains of matter-
wave gap solitons �7,8� supported by the combined action of
the repulsive nonlinearity and anomalous diffraction at the
BZ edges �6,9�. However, localized structures formed as a
result of dynamical instability of a repulsive BEC in an op-
tical lattice have not yet been observed.

The purpose of our study is to show that the observation
of trains of the spatially localized wave packets triggered by
the condensate instability is feasible under realistic condi-
tions of preparation of a condensate at the edge of a Brillouin
zone. To this end, we simulate the loading of the condensate
into a one-dimensional optical lattice from a harmonic trap-
ping potential. We pay particular attention to the process of
transition of the condensate to the band edge in the moving
lattice and study its subsequent dynamics. To simulate the
development of the nonlinearity-induced instability, we em-
ploy a one-dimensional nonpolynomial mean-field model
that enables the dimensionality reduction in an anisotropic
trapping geometry and accounts for the excitations of the
condensate in the directions transverse to the lattice.

The paper is organized as follows. First, in Sec. II we
describe the mean-field model and then demonstrate in Sec.
III that the modulational instability of a nonlinear homoge-

neous Bloch state in a lattice does indeed lead to the forma-
tion of a train of localized solitonlike states. Next, in Sec. IV
we examine a more realistic process of loading the BEC into
the optical lattice from a harmonic trapping potential, with
subsequent acceleration to the band edge. We show that the
resulting inhomogeneous Bloch state will also exhibit dy-
namical instability and form trains of the localized wave
packets. Finally, in Sec. V we test the robustness of the spa-
tial localization process in the presence of loss of atoms from
the condensate.

II. MODEL

We model the mean-field dynamics of an anisotropic BEC
cloud by the time-dependent three-dimensional �3D� Gross-
Pitaevskii �GP� equation for the condensate wave function
��r , t�. We assume that the condensate is confined by a
strongly anisotropic trapping potential with a tight confine-
ment in the radial �x ,y� directions and either a weak har-
monic trap or a periodic one-dimensional �1D� optical lattice
in z direction. This strong anisotropy of the trapping poten-
tial allows for the dimensionality reduction that takes into
account the directions transverse to the lattice through a
Gaussian ansatz for the radial shape of the wave function,
with a z- and t-dependent width �10�. In this approach, the
solution to the 3D GP equation ��r , t� is presented in the
form: ��r , t����r ,z , t�=���r ,����z , t�, where r��x ,y�,
and

���r,�� =
1

�1/2�
exp�− r2/2�2�

is normalized to unity. The width of the radial wave function,
�2=�1+� ���2, depends implicitly on z and t because of its
dependence on ���2. The wave function ��z , t� obeys the
effective 1D nonpolynomial Schrödinger equation �NPSE�
�10�

i
��

�t
= �−

1

2

�2

�z2 + V�z,t� + F����2�	� ,
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F����2� = ��−2���2 +
1

2
��2 + �−2� , �1�

where �=g3D /2�, and g3D characterizes atomic interaction
due to the two-body scattering. The total number of atoms in
the condensate is given by N=
dz ���2. If one wants to com-
pare the 3D density with the condensate density obtained
from the nonpolynomial model, for example on the symme-
try axis of the trap �r=0�, one needs to take into account that

���0,z,t��2 = ����0,���2���2 = ���2/��2.

In the model �1� length is measured in units of the oscil-
lator length in the radial dimension a�= �� /m���1/2, time in
units of the inverse radial trapping frequency ��

−1, and energy
in units of ���. For 87Rb atoms with the mass m=1.44
	10−25 kg and the scattering length as=5.3 nm confined in a
trap with the radial frequency ��=2�	102 Hz, our length
scale becomes a�=1.08 
m, and the dimensionless interac-
tion strength is g3D=4�as /a�=6.2	10−2.

The confining potential of the stationary optical lattice in
our model is defined as V�z , t=0�=V0 sin2��z /d�, where V0

is the depth and d is the lattice period. In what follows we set
� /d=1, which corresponds to the lattice spacing d
=3.4 
m. The lattice spacing is proportional to the laser
wavelength, d=� /2 sin�� /2�, and in the current experiments
ranges from approximately 0.4 to 5 
m, depending on the
angle � between the interfering laser beams. The energy
scale adopted here is close to the recoil energy of the optical
lattice Er=�2k2 /2m �where k=2� /��; e.g., for the laser
wavelength �=785 nm the recoil energy is Er=0.94���.

Stationary states of the condensate are described by solu-
tions of Eq. �1� of the form; ��x , t�=
�x�exp�−i
t�, where 

is the chemical potential. For a noninteracting BEC in a pe-
riodic lattice potential, the stationary states are found as

�x�=�k�x�exp�ikx�, where the wave vector k belongs to a
Brillouin zone of the 1D lattice, and �k�x�=�k�x+d� is a
periodic �Bloch� function with the periodicity of the lattice.
The spectrum 
�k� of matter waves in the periodic potential
of an optical lattice is characterized by a band gap diagram
shown in Fig. 1 �top�. Due to its periodicity in k, the spec-
trum can be reduced to the first Brillouin zone, which ex-
tends over −1�k�1 �in normalized units�.

Finally, we note that the nonpolynomial model �1� was
previously successfully used to model matter waves in mov-
ing 1D optical lattices �11� and was shown to correctly pre-
dict the stability domains of the extended �Bloch� BEC states
�12�.

III. INSTABILITY OF A HOMOGENEOUS BLOCH STATE

In the presence of the nonlinearity the condensate pre-
pared at the edge of the Brillouin zone suffers from dynami-
cal instability, as demonstrated in recent experiments �1,2�.
Theoretically, it has been shown �6�, within the framework of
the standard 1D GP model, that a Bloch wave at the edge of
the BZ �point �b� in Fig. 1� is dynamically unstable while the
Bloch wave corresponding to the bottom of the BZ �point �a�
in Fig. 1� is stable.

Using the nonpolynomial Schrödinger model �1�, we first
consider the condensate in the ideal �homogeneous� nonlin-
ear Bloch state prepared at the edge of the Bloch band rep-
resented by the point �b� in Fig. 1 �top�. In our numerical
simulations the development of the dynamical instability of
the homogeneous Bloch wave was triggered either by nu-
merical noise or by the weak periodic modulation of an ini-
tial state with the period greater than the period of the lattice
and the amplitude less than 1% of the Bloch wave amplitude.
An amplitude modulated initial Bloch state with the period
of the lattice potential, containing N�5	102 atoms, is
shown in Fig. 2�b�.

In order to avoid excitations from the edges of the com-
putational domain, absorbing boundary conditions in the
form of the Perfectly Matched Layers �PMLs� �13� have
been assumed at the edges of the numerical grid. The model
Eq. �1� with the PMLs was discretized via the Crank-
Nicholson algorithm �13� and solved numerically with the
unconditionally stable finite difference time-domain �FDTD�
method. In the calculations 32–64 grid points per one lattice
site have been used, which resulted in the grid spacing much
smaller than the healing length of a homogeneous conden-
sate. Due to the violent dynamics of the instabilities short
time steps dt=10−4 were also necessary. Figure 2�a� shows
the development of the dynamical instability from a homo-
geneous Bloch wave and formation of localized wave pack-
ets. The computational domain extends over 500 lattice sites,
and only a fraction of the entire spatial extent of the conden-
sate is shown in the Fig. 2. In the case of a nonperturbed
homogeneous Bloch wave, the dynamical instability com-
mences at t=400. In the case of the initially modulated Bloch
state it begins earlier, at t�250. The localized states of the
condensate shown in Fig. 2�a� are nonstationary, and display
persisting oscillations of amplitude. However, they appear to
be dynamically robust. In Fig. 2�c� the final state of the evo-
lution at the time t=1200 and with N�379 is presented.

FIG. 1. �Color online� Schematics of the location �in momentum
space� of the condensate wave packet relative to the lattice band-
gap structure. Points �a� and �b� correspond to the modulationally
stable and unstable Bloch states, respectively. Below: schematic
time diagram of the adiabatic loading and acceleration of the
condensate.
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Each localized wave packet has the spatial structure that
closely resembles that of a gap soliton from the first spectral
gap, found numerically as an exact stationary solution of the
model equation �1�. The phase structure of the dynamically
emerging localized structure is also consistent with the phase
structure of a matter-wave gap soliton �7,14�.

IV. INSTABILITY OF AN INHOMOGENEOUS BLOCH
STATE

The numerical results on the soliton train formation in the
nonpolynomial model presented above, as well as those pre-
viously obtained for a conventional 1D GP model �6�, were
produced under the assumption that the initial state of the
evolution is an infinitely extended homogeneous Bloch state

at an edge of a Brillouin zone of an infinite lattice potential.
In reality, the condensate is loaded into an optical lattice
either from a magnetic trap �1� or a crossed optical dipole
trap �8�, which results in an initial state of a finite extent. A
BEC wave packet centered around a particular quasimomen-
tum in a given band is created by either adiabatic loading
into a moving optical lattice �1�, or ramping up of a static
lattice with subsequent linear acceleration to a given velocity
�8,15�. In order to investigate the Bloch wave instability in a
situation closer to the experimental conditions, we model
dynamical formation of an inhomogeneous Bloch state from
the ground state of a condensate in a 3D harmonic trap by
simulating the loading into a stationary optical lattice fol-
lowed by the acceleration process. Our choice of the loading
procedure is motivated by the more relaxed adiabaticity con-
ditions for the case of shallow lattices �16�.

We assume the initial harmonic confinement with the as-
pect ratio �� /�z=103 and the chemical potential 

=1.1���, which results in a ground state of N=6.2	103

atoms with the 3D peak density of n=3.3	1012 atoms/cm3.
The condensate cloud in the ground state extends over �102

lattice sites and has a very narrow width of the wave packet
in the momentum space that is much smaller than the char-
acteristic energy gap of the Bloch wave spectrum.

To put these numbers into perspective, we note that the
experimental observation of the modulational instability
�1� required a large �N�3	105� number of atoms
in the condensate and a peak density of around 1.21
	1014 atoms/cm3. In contrast, the key factor for the experi-
mental observation of a single gap soliton �8� was a low
number of atoms in the initial state �N�900�, and no soli-
tons were observed for the higher �N�3	103� number of
atoms �8�. Our simulations are performed for the number of
atoms and condensate density that far exceed those required
for the formation of a single localized gap soliton, but are
sufficient for the observation of the dynamical instability.

The extreme aspect ratio of the trap assumed in our simu-
lations is an order of magnitude larger than that usually
achieved with optical trapping �8�, and is more readily
achievable with BEC in magnetic microtraps �17�; however,
the localization effects described below will persist for
smaller initial aspect ratios. Moreover, the criterion for the
applicability of the 1D mean-field model �18�
N��z /����a� /as�2�1 holds for the parameters assumed in
our calculations, ensuring that the condensate healing length
is much larger than the interparticle distance. The interaction
energy of the condensate in our model is comparable to the
level spacing of the radial confining potential. This fact jus-
tifies the use of the NPSE �1� which takes into account only
the lowest radial excitation of the condensate cloud.

The ground state of the condensate in a harmonic trap
can be obtained numerically by solving Eq. �1� with the
relaxation method �19�, and is very well approximated by
the Thomas-Fermi solution to the nonpolynomial
Schrödinger equation. In our dimensionless units, the
Thomas-Fermi profile for a general potential V�z� can be
written as follows:

FIG. 2. �Color online� �a� Dynamical formation of localized
structures during the evolution of the homogeneous Bloch state
shown in �b�. �b� Modulationally unstable homogeneous nonlinear
Bloch state �solid filled lines� for 
=2.49 and V0=5 found from Eq.
�1� and modulated by the function �cos�z /5�, plotted together with
the lattice potential �dash-dotted filled lines� reduced by the factor
of 10. �c� The condensate density profile at t=1200 �the maximum
density in the localized state is reached at t�1100�. All parameters
are in dimensionless units.
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TF
2 =

2

9�
��V − 
�2 − �V − 
���V − 
�2 + 3 − 3� . �2�

For a harmonic trapping potential, V= 1
2�z

2z2, the Thomas-
Fermi radius is RTF=�z

−1�2�
−1�, which corresponds to
�483 
m.

The timeline of the procedure of loading the condensate
from the harmonic into the periodic confinement is schemati-
cally displayed in Fig. 1 �bottom�. First, at t= t0 the atomic
cloud is suddenly released from the harmonic trap and then
the height of the periodic potential of the stationary optical
lattice V0�t� is slowly �and linearly� ramped up over a period
tR= t1− t0=0.32 s, until it reaches its final value V0=2���.
In an experiment, this is achieved by gradual increase of the
intensity of the laser beams that produce the standing wave
of the optical lattice. During the ramp up, an inhomogeneous
Bloch wave corresponding to the bottom edge of the first
band, with a period of the lattice potential, forms �see Fig. 3
panel �a��. The adiabatic ramping up procedure avoids exci-
tations of the second Bloch band �15,16�.

The atomic cloud released from the harmonic trap does
not spread significantly on the time scale of the ramp up, i.e.,
while the lattice does not have a significant impact on the
condensate dynamics. An estimate of the free expansion time
of a matter wave packet corresponding to a ground state of
the harmonic oscillator potential with the trapping frequency
�z shows that the initial width of the wave packet would
increase by the factor of two on the time scale t�5.6 s,
which is much larger than tR.

During the second stage, the lattice potential is moved
with the constant acceleration �0.14 cm/s2� over the time
tA= t2− t1=0.48 s, until the velocity corresponding to the
edge of the BZ �v=1� is reached. The constant acceleration
is achieved experimentally via time-dependent frequency de-
tuning between the two laser beams, and should also be per-
formed adiabatically �16,20� to avoid excitation of the higher
bands. As has been previously observed in experimental
studies �2�, during the acceleration the inhomogeneous Bloch
wave exhibits density modulations even before the band
edge is reached �v�1�. At the edge of the BZ, the amplitude
of the modulations becomes comparable with the amplitude
of the initial state, as seen in Fig. 3�b�. The density of the
atomic cloud in Fig. 3 is shown in the frame of the lattice
�the lattice potential is moving to the right� with a solid line.
The dashed-dotted line is the profile of the initial Thomas-
Fermi cloud centered in the moving frame. Faster accelera-
tion results in the cloud lagging behind the lattice without the
development of significant density modulations during the
time of the acceleration.

Finally, for some time �here tE= t3− t2=0.16 s� the con-
densate is evolved in the potential of the moving lattice. Due
to the dynamical instability, the wave packet at the edge of
the BZ exhibits violent dynamics. During this evolution the
periodic structure of a train of the localized wave packets
emerges, see Fig. 3�c�. The number of solitonlike structures
within a train depends on the density of the initial state, with
smaller densities corresponding to smaller number of emerg-
ing wave packets. It takes less than �10 ms of the evolution
at the edge of the BZ for the localized wave packets to sepa-
rate from the surrounding atomic cloud. Similarly to the
property of a single gap soliton �7,14�, the solitonlike wave
packets in the train are immobile in the lattice frame �i.e.,
have zero group velocity�, however, the rest of the atomic
cloud is moving with a positive group velocity �to the right�.
In the laboratory frame the localized wave packets are mov-
ing with a finite local velocity to the right, therefore low
density “tails” are seen to their left �see Figs. 3�c� and 4�b��.

A single wave packet from the train is shown in Fig. 4�b�.
For comparison, a density profile of an exact stationary so-
lution of the time-independent NPSE �1� in the form of a

FIG. 3. �Color online� Dynamical formation of localized atomic
wave packets during the evolution of a modulationally unstable
inhomogeneous Bloch state �
=1.1,V0=2�. Shown are snapshots of
the condensate density profile �a� at the start V0=0,v=0 �dash-
dotted line� and at the end V0=2,v=0 �black solid line� of the
ramping-up time t= tR=200 and �b� at the end of acceleration time
t= tR+ tA=500 �V0=2,v=1�. The spatial oscillations in the conden-
sate density cannot be resolved on the scale of the z axis in �a� and
�b�. �c� Close-up of the central area of the condensate density at t
=600, i.e., after tE=100 evolution at the band edge �V0=2,v=1�. All
parameters are in dimensionless units.

FIG. 4. �Color online� �a� Density profile of a gap soliton of the
NPSE for 
=1.97 �solid filled line� and the corresponding lattice
potential with V0=2 �dash-dotted filled�. The lattice amplitude on
the plot is reduced by the factor of 5. �b� Detail of the density of the
train shown in Fig. 3�c� in the vicinity of a localized structure
centered at z0=43. All parameters are in dimensionless units.
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single gap soliton, corresponding to the value of chemical
potential 
=1.97 close to the lower edge of the first spectral
gap, is presented in Fig. 4�a�. Each localized structure in the
dynamically generated train extends over 9d�30.6 
m. The
train of matter wave packets of this size can be identified by
integrating absorption images as the current experimental de-
tection techniques allow to investigate dynamics of wave
packets with �3 
m spatial resolution �8,21�. As in the case
with the localized structures generated from an homogeneous
Bloch state, the phase structure of the wave packets from the
train is similar to that displayed by the gap soliton found
numerically as an exact stationary solution of the model
equation �1�.

V. EFFECT OF ATOM LOSSES

An increase of the density in the dynamically unstable
condensate enhances intrinsic inelastic processes, from
which the recombination in three-body interatomic collisions
is most important. This recombination leads to loss of atoms
but does not break the coherence between the particles
remaining in the condensate �22�. The three-body loss in
the mean-field model can be accounted for by an additional
phenomenological term of the form −i�� /2�K3 ���4�, in
the fully 3D Gross-Pitaevskii equation. For 87Rb atoms
the three-body recombination rate is measured to be K3
=5.8	10−30 cm6 s−1 �23�, which in our dimensionless units
gives �3=K3a�

−6��
−1=5.82	10−9. In the 1D reduction of

the full model, the three-body loss can be accounted for
by including the term −�i /2��3 ���4� in the right-hand
side of Eq. �1�, which at �� � �1 is a good approximation
of the seemingly more appropriate nonpolynomial term
−i�3 ���4�1+� ���4�−1�. The latter has incorrect asymptotics
for �� � �1 and therefore cannot be used for large condensate
densities.

The recombination term in the nonpolynomial model does
not exactly correspond to the term usually employed in the
3D GPE �Ref. �22��, and hence values of �3 in our model do
not exactly match the experimentally measured loss rates.
Nevertheless, we have performed simulations for several dif-
ferent values of �3, corresponding to weak to moderate
losses. The loss rates of �3�10−9 do not have any influence

on the dynamics of the condensate cloud neither during the
ramp up and acceleration of the lattice nor during the evolu-
tion of the BEC at the edge of the BZ. At �3=10−7 the losses
do not have significant impact during the lattice ramp up,
however their effect on the BEC dynamics increases during
the acceleration stage and leads to loss of a small fraction of
atoms ��1% � from the condensate. The atom loss affects the
bulk density moving across the lattice with a nonzero group
velocity. However, our simulations show that the enhanced
loss of atoms at the moderate three-body loss rates does not
suppress the generation of the train of the localized wave
packets and does not change the number of the gap soliton-
like structures within the train.

In a further study, it would be extremely interesting to
investigate effects of the finite temperature and noncon-
densed fraction on the development of modulational instabil-
ity and localization of the wave packets in the train.

VI. CONCLUSIONS

We have demonstrated that trains of strongly localized
matter-wave wave packets similar to matter-wave gap soli-
tons can be generated as a result of instability of a repulsive
condensate adiabatically loaded into an optical lattice and
driven to the edge of the first Brillouin zone. This process
occurs at moderate numbers of atoms and densities in the
initial condensate cloud. Dynamical instability of a nonlinear
Bloch state of the BEC thus may provide an alternative
soliton-producing mechanism to that employed in the experi-
ment on the formation of a single gap soliton near the band
edge �8� where a small atom number was required and a low
degree of localization was achieved. Our analysis shows that
the time scales of the instability development and character-
istic spatial extent of the emerging localized structures are
consistent with realistic experimental parameters.
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