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Fano resonance in quadratic waveguide arrays
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We study resonant light scattering in arrays of channel optical waveguides in which tunable quadratic non-
linearity is introduced as nonlinear defects by periodic poling of single (or several) waveguides in the array.
We describe novel features of wave scattering that can be observed in this structure and show that it is a
good candidate for observation of Fano resonance in nonlinear optics. © 2005 Optical Society of America
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The study of nonlinear dynamics and spatial solitons
in optical systems recently attracted a great deal of
attention.1 In particular, many specific properties of
nonlinear lattice systems can be analyzed for arrays
of weakly coupled optical waveguides in which both
nonlinearity and diffraction may differ dramatically
from those in corresponding continuous systems.2,3

During the past few years there has been growing
interest in the study of nonlinear optics associated
with so-called quadratic nonlinearities that may pro-
duce effects resembling those known to occur in cubic
nonlinear materials. Typical examples are all-optical
switching phenomena in interferometric or coupler
configurations as well as the formation of spatial and
temporal solitons in planar waveguides.4 Recently it
was demonstrated experimentally5 that arrays of
coupled channel waveguides fabricated in a periodi-
cally poled lithium niobate slab represent a conve-
nient system with which to verify many theoretical
predictions experimentally, including observation of
two-frequency discrete solitons mutually locked by
quadratic nonlinearity. These experimental observa-
tions open many perspectives for employing larger
nonlinearities in lattice systems made from qua-
dratic materials.

In this Letter we suggest that arrays of weakly
coupled nonlinear quadratic waveguides may be em-
ployed for the study of novel effects in resonant light
scattering. In particular, we show that, when periodic
poling is applied to just a few waveguides in the
array, it creates a nonlinear defect6,7 that possesses
specific resonant scattering properties and may be
employed for experimental observation of Fano reso-
nance in nonlinear optics.

Following the waveguide design recently imple-
mented in the study reported in Ref. 5 for observation
of discrete quadratic solitons, we consider a discrete
model describing an array of weakly coupled linear
waveguides in which one or several neighboring
waveguides have periodic poling and therefore pos-
sess a quadratic nonlinear response (see Fig. 1).
When the matching conditions are satisfied, the
fundamental-frequency (FF) mode with frequency v
can generate parametrically a second-harmonic (SH)

wave at frequency 2v, so such a structure with sev-
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eral poled waveguides may behave as a nonlinear de-
fect with localized quadratic nonlinearity. The con-
tinuous version of this model was studied earlier.8

In the tight-binding approximation usually em-
ployed in the theory of discrete lattices,3 the effective
equations for the complex envelopes of the FF wave
sund and its SH component svnd coupled at the defect
waveguides with n=0,… , N can be written in dimen-
sionless form:

i
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+ cusun+1 + un−1d + 2 o
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um
*vmdnm = 0,
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+ cvsvn+1 + vn−1d − Dvn + o
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N

um
2dnm = 0, s1d

where cu and cv are the coupling coefficients, dnm is
the Kronecker symbol, and D is a phase-mismatch
parameter assumed to be identical for all
waveguides.

First we analyze the scattering of a plane FF wave
at frequency v by a single sn=0d quadratic defect
waveguide (impurity site). After interaction with the
quadratic waveguide, the FF wave generates a SH
wave that can either propagate or be trapped and
that is guided by the defect waveguide. To calculate
transmission coefficient tskd of the FF wave, we
present the fields in the form

Fig. 1. Schematic of an array of channel waveguides with
quadratic nonlinearity in which nonlinear defects are cre-
ated by periodic poling. The arrows show the scattering

process.
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unszd = expsib1zdHI expsiknd + R exps− iknd n , 0

T expsiknd n ù 0J ,

s2d

vnszd = expsib2zdHR̃ exps− iqnd n , 0

T̃ expsiqnd n ù 0J , s3d

where b1=2cu cos k and b2=2cv cos q−D are propaga-
tion constants of the FF and SH, respectively, and k
and q are corresponding transverse wave numbers.
Using the phase-matching condition,8 s2b1=b2d we
obtain the relation cv cos q− sD /2d=2cucos k, which
defines the dependence q=qskd. For kmin,k,kmax,
function qskd takes real and positive values. Outside
this interval, the values of qskd are purely imaginary,
and they correspond to localized (nonradiating)
states trapped by the defect waveguide at n=0. A
simple calculation yields the result kmax,min
=cos−1fscv±D /2d /2cug when these values are real and
positive or zero otherwise.

Evaluating the mode coupling at the impurity sn
=0d and neighboring sn=−1d sites allows us to obtain

the relations T=I+R and R̃= T̃ and derive a nonlin-
ear equation for the transmission coefficient, t
= uTu2 / uIu2, in the form tf1+bskdtg2=1, where bskd
= uIu2f2cucv sin k sin qskdg−1, which has only one real
solution. The resonant scattering when a localized
SH field is generated can be analyzed similarly by re-
placing q→ iq.

The study of wave scattering in this system pre-
dicts resonant suppression of transmission at some
points, i.e., tskmin,maxd=0 (see Fig. 2). We demonstrate
below that these resonant reflections correspond to a
novel type of the well-known Fano resonance.9 In-
deed, according to Fano theory,9 destructive interfer-
ence and resonant suppression of transmission are
observed when there exists a localized state coupled

Fig. 2. Examples of the FF transmission coefficient of
scattering by the quadratic impurity waveguide for cu=1
and (a) cv=0, D=0; (b) cv=0, D=2; (c) cv=0.5, D=0; (d) cv

=0.5, D=2 for I=1 (solid curves) and I=2 (dashed curves).
to the propagating channel with the energy inside
the linear spectrum. Note that qskmind=0 and
qskmaxd=p; i.e., these values define the band edges of
the propagation spectrum of the propagating SH
field, and the resonances take place when the SH
field is generated. This situation seems to contradict
the classical definition of Fano resonance. However,
below we demonstrate in more detail that this kind of
resonant scattering can be indeed defined as being
associated with Fano resonance.

First we consider the simplest case when the cou-
pling between the SH modes of different waveguides
vanishes, i.e., cv=0, which was indeed the case in
recent experiments.5 Then, in the stationary case,
coupled equations (1) can be written in the form

b1un = cusun+1 + un−1d + 2u0
*vdn0,

2b1v = − Dv + u0
2, s4d

Model (4) describes the main propagation channel for
field un and an additional discrete mode v=v0 that is
coupled to it parametrically; this model is similar to
the so-called Fano–Anderson model,10 except that the
coupling here is nonlinear, which makes the scatter-
ing problem nonlinear.

To simplify the analysis we eliminate the discrete
mode described by the second line of Eqs. (4) and ob-
tain

b1un = cusun+1 + un−1d +
2uu0u2u0

2b1 + D
dn0, s5d

which is an effective equation for a propagation chan-
nel that contains a scattering potential. The strength
of this nonlinear resonant scattering potential de-
pends on incoming intensity uIu2 and propagation con-
stant b1skd. If D is chosen such that kF is between 0
and p, and

2b1skFd = − D, s6d

our potential becomes infinitely large for a particular
frequency b1skFd, which will lead to the perfect reflec-
tion. Note here that kF=kmin,max for our case cv=0. In-
deed, after some algebra we can write the equation
for the transmission coefficient in the form

t3 + gskdst − 1d = 0, s7d

where gskd= s4cu cos k+Dd2cu
2 sin 2k / uIu4. From Eq. (7)

one can see that, when gskd=0, transmission coeffi-
cient t vanishes. This happens at wave numbers k
=0 and k=p, which correspond to the band edges of
the propagation spectrum, and also at k=kF. In the
latter case this is exactly the Fano resonance.

When the coupling between the SH modes in the
waveguide array does not vanish (i.e., cvÞ0), it leads
to the appearance of the spectrum of propagating SH
modes, b2fqskdg. At the band edges of this spectrum,
b2s0d and b2spd, which correspond to k=kmin and k
=kmax, the propagating SH field is described as a
standing constant-amplitude mode of forms vn=v0

n
and vn= s−1d v0, where v0 is constant. Therefore, for
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these two cases we can again obtain a single-site
equation for the second scattering channel. By apply-
ing a similar approach to these particular cases, we
obtain two conditions for the Fano resonance:

2b1skF1,2
d = − D ± 2cv, s8d

which occur exactly when propagation constant 2b of
the generated SH field coincides with either propaga-
tion constant b2s0d or b2spd, i.e., at the band edges of
the linear spectrum of the propagating SH modes. In
other words, in such situations we excite constant
modes by a local perturbation. Since the group veloc-
ity of these modes vanishes at the band edges, any lo-
cal excitation cannot propagate at the given fre-
quency. This makes these modes effectively local and
leads, finally, to the phenomenon of Fano resonance.

We note here that, in our physical system of qua-
dratic waveguides, the coupling between the first and
second propagation channels is nonlinear and there-
fore depends on the intensity of the incoming wave.
According to Eqs. (6) and (8) the position of the Fano
resonances does not depend on the value of this cou-
pling because of its local nature.11 As a consequence,
this novel type of Fano resonance should exist for any
intensity of incoming waves similar to the conven-
tional Fano resonance in linear theory. But the width
of the resonance depends on this coupling12 and
therefore on the incoming intensity of light (see
Fig. 2).

To check the validity of our plane-wave analysis
and the manifestation of the effect in a realistic ex-
periment, we performed a numerical simulation of
Gaussian beam scattering. The results are summa-
rized in Fig. 3, and they are in a good agreement with
the theory of plane-wave scattering.

In the case of N defects and vanishing coupling be-
tween them scv=0d, Fano resonance does not change
its position [Eq. (6)].13 After scattering by the first de-
fect close to Fano resonance, other waveguides be-
come almost transparent because of a small incoming
intensity. Therefore the width of the resonance will
remain almost the same as in the case of a single de-
fect.

In conclusion, we have analyzed a novel waveguide
structure in which an optical analog of the Fano reso-
nance can be observed as peculiarities of resonant
scattering and SH generation in the quadratic wave-
guide arrays. We believe that this kind of waveguide
structure, which has already been fabricated for ob-
servation of discrete quadratic solitons,5 is a good
candidate for experimental observation of Fano reso-
nances in nonlinear optics.
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